Optimizing Signal Constellations

A Thesis Submitted
in Partial Fulfilment of the Requirements
for the Degree of

Master of Technology

by
Kartik Ahuja
Roll No. : Y8127238

Department of Electrical Engineering

Indian Institute of Technology Kanpur
June, 2013



(©XKartik Ahuja
June, 2013
All Rights Reserved

i



CERTIFICATE

It is certified that the work contained in the thesis entitled “Optimizing Signal
Constellations 7, by Kartik Ahuja, has been carried out under my supervision and

that this work has not been submitted elsewhere for a degree.

June 2013 (A. K. Chaturvedi)
Professor,
Department of Electrical Engineering,
Indian Institute of Technology,

Kanpur-208016.

il



To

my Parents

v



Acknowledgements

At the beginning, I would like to thank everyone who has been connected with me
during my stay at IIT Kanpur, as there have been a lot of lessons to learn from
everyone. Firstly I would like to thank my thesis supervisor, Prof. Ajit Chaturvedi
who taught me the knack of not giving up and being patient in research. His
guidance and constant motivation were the driving force of my work. I have had a
lot of lessons to learn from him over the past two and a half years of working under
him.

I feel lucky to have been taught by Prof. R.K. Bansal and Prof. Aditya K Ja-
gannatham. It was they who taught me the fundamental courses in communications
and information theory. Without their excellent guidance it would have not been
possible to appreciate the beautiful concepts and ideas in these areas. I would also
like to thank Prof. Surender Baswana and Prof. Naren Naik who introduced me to
the amazing areas of Randomized Algorithms and Optimization respectively.

I would like to thank my wingies who were always there to make me feel happy
and they kept me going. A special word of thanks goes to Venkat, Abhimanyu,
Abhishek, Siddharth, Mukul and Pranay who were always there to have great dis-
cussions during the courses.

My family was always there by my side to take care of me and my worries. A
simple word of thanks would be too less for my Mom, Dad, Shiney and Prateek who

were always missed during my stay here.



Abstract

Previous works in the area of signal constellation design to minimize symbol error
rate have dealt with the problem at asymptotic SNR values. Optimal constellations
which achieve minimum possible symbol error rate or bit error rate at any given SNR
have not been established. In this work we come up with solutions to this problem
for 1 and 2 dimensional constellation for AWGN and fading channels. Shape of
optimal signal constellations varies with SNR value and this fact has interesting
implications for fading channel. Depending on the channel gain, the transmitter
decides the amount of power and which geometry to use to have a minimum average
symbol or bit error rate, optimal solutions to this problem are arrived at. Optimal
signal constellations arrived at are compared with the best ones known in literature
to show the improvements. We show that necessary conditions in literature for
optimality of 2 dimensional constellations at asymptotically high SNR values are

inaccurate and thus, arrive at a new set of necessary conditions.
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Chapter 1

Introduction

Signal constellation, a set of symbols on which the transmitter encodes the message
is fundamental to any form of digital communication, both wireline and wireless. 1-
Dimensional Pulse Amplitude Modulated constellations were the basis of amplitude
modulation. Idea of combining phase and amplitude modulation was introduced
by [1],[2] and refined by [3] leading to 2 dimensional constellations as we see today.
Symbol error rate which depends on the total power in the constellation and the
coordinates of symbols characterizes the constellation and the performance of the
communication system. Bit error rate, another important quantity characterizing
the performance of communication system, depends on both coordinates of symbols
and the labeling of the symbols. For a fixed power it is important to understand
the constellations minimizing the symbol error rate and the work of foshcini et.al is

a landmark contribution in this direction [4].

1.1 Motivation

Given a fixed average power at the transmitter, channel capacity helps one under-
stand the maximum number of bits that can be reliably transmitted per usage of
channel and coding theory has helped in realizing the goal of achieving the same.
On the same lines we want to answer the question that given a fixed average power

at the transmitter and a fixed signal constellation size, what is the minimum sym-



bol/bit error rate that can be achieved and which signal constellation achieves it.
Work of Foshcini et.al in the context of 2-D constellations gives the solutions to
this problem but only at asymptotically high SNRs in AWGN channel and the work
of Makowski et.al [5] in the context of 1-D constellation characterizes the optimal
solution at any SNR but only in AWGN channel. These gaps in the understanding

of best signal constellations act as the driving force of our work.

1.2 Contribution

Our contributions towards filling the gaps in the understanding of optimal constel-

lations are,

e Necessary conditions for optimality in terms of SER/BER in AWGN channel
for 2-D constellation at asymptotic SNR are derived. It turns out that charac-
terization given by Foschini et.al for asymptotic optimality is not accurate and
we show it through a counterexample. Optimal 2-D constellation at asymp-
totic SNR values in AWGN and rayleigh fading channel are arrived at and are

shown to form a lattice of equilateral triangles.

e For any fixed SNR, we arrive at necessary conditions for optimality of 1-D
constellation in terms of SER in a given fading channel. We come up with

optimal solutions for both SER/BER in both AWGN and fading channels.

e For the case of 2-D constellations, optimal signal sets (8 and 16 point) in terms

of SER/BER in AWGN channel which depend on SNR value are arrived at.

1.3 Organization

The organization of thesis is as follows, in the first two sections of the second chapter
we present the system model and general formulation of the problem followed by
literature survey on the work that has been done on some aspects of the problem.

In the first section of third chapter we formulate the optimization problem for 1-D



and 2-D constellations at asymptotically high SNRs in terms of SER/BER in both
AWGN and fading channels. In the next section we come up with the necessary con-
ditions for optimality in terms of SER/BER in AWGN channel for 2-D constellations
followed by the section where we show the counterexample to Foschini’s necessary
conditions. In the second last section we show the optimal solutions for both 1-D
and 2-D constellations at asymptotes followed by the section where we conclude the
chapter.

In the fourth and fifth chapter our aim is to deal with the same problem for 1-D
and 2-D constellations but at finite SNRs. In the first section of fourth chapter we
formulate the optimization problem in terms of SER in fading channel as a convex
optimization problem and in the following section we derive the necessary conditions
for optimality in the same context. In the third section we analyze the bit error rate
optimization problem and in the second last section we show the optimization results
to show the lower bounds that can be achieved for 1-D constellations. At the end
we conclude the chapter in the last section.

In the first section of fifth chapter we come up with numerical optimization
framework for solving SER and BER optimization and in the next section we use
optimization procedures to show the optimal constellations and improvements for
the case of 8 and 16 point constellations in AWGN channel. In the first section of
sixth chapter we analyze the general adaptive transmit and constellation allocation
problem followed by convex formulation for the case of 1-D constellations. In the
second last section we show the optimization results to show the improvements
possible followed by the section on conclusion. In the last chapter we conclude
the whole work and describe the important future work which should follow this

contribution.



Chapter 2

Literature Survey

In this chapter we first describe the system model used in the work and then go on
to the general formulation of the problem. In the next section we explain in detail
the past work in the literature on particular cases of the problem and highlight the

gaps that are there in the current understanding of optimal constellations.

2.1 System Model

In this work we consider a synchronous digital communication system, where the
transmitter encodes the message to be sent in the form of symbols chosen from
a signal constellation. Signal constellation S = {s, s9,..sy}, representing the set
of N symbols where s; € R™ m € {1,2} V i is either 1 or 2 dimensional and
{c(1),¢(2),..c(N)} represents the bit labeling scheme, ¢ : {1,..N} — {0,1}* here
k = [log, N is the length of the label. The transmitter linearly modulates these
symbols on the transmitter pulse p(¢) and the narrow band passband message signal,

my(t) which is sent across the channel is given as

mo(t) = 3 (1 + 5% plt — KT) (2.1)

Here T is the duration of the message symbol and r : {1,...} — {1,..N} represents

the function to select the symbol, sf( K)» sf?( ) are the in phase and quadrature phase



components of the symbol to be sent. The transmit symbol is sent across the channel
which can be AWGN or fading. Fading model considered in our work is frequency
flat and slow fading and we assume ideal coherent detection at the receiver. In
the case of AWGN channel, the receiver performs matched filter detection to decide

which symbol was sent. Hence the output of the receiver can be modeled as
Ty = Sk + N

Here s, = si + jsi2 is the symbol point from 2-D constellation and we can assume
quadrature phase component to be zero in case of 1-D constellation, and n; is
complex additive white gaussian noise, CA(0,02) . In case of fading channel the

output at the receiver is given as
rr = hsk + ng

Here h is the flat fading coefficient and since we assume coherent detection

=Tk = NSk + TNk
|1 ]

The decision device at the receiver partitions the 1-D or 2-D space into N decision
regions corresponding to each symbol and whenever the received symbol is outside
the decision region of the symbol that was sent error occurs. The general expression

for symbol error rate assuming equiprobable signalling is

N
1
Psf;(sl, SN) = N ZP;;(SM .SN|sk)

N
1 (o9}
PI(s1,.5n) = N E / Pi(asy,..asy|si) fin (o) da (2.2)
0

Here P4 and P/, correspond to symbol error in AWGN and fading channel respec-
tively and PA(..|s;), PL(..|s;) are the error probabilities given s; is sent. On the

same lines we can come up with bit error rate. Bit error rate on the same lines is



given as,

PA(sy, .sn,c(1), ..c(N)) = m >N dle(k), e(4)) P(s;lsk) (2.3)
2 k=1 j=1

Pl (s1, .sx,c(1), .c(N)) = m 3 /°° S d(e(k), e(7) Plasjlasy) fin(a)da
2 k=170 =1

Here P2 and bee are bit error rate functions in AWGN and fading channel

respectively and P(s;|s;) is the probability that s; is detected given s; is sent.

2.2 General Problem Formulation

In this section we state a general formulation of the problem dealt with in this work.
Here we would state the optimization problem in such a way that the objective
function P/ would take both symbol and bit error rate into account for an N point
constellation in both fading and AWGN channel.

Each symbol point s; can be represented by its coordinates in %2 for 1-D/2-
D constellation. Error rate (symbol/bit) P/ (sy,..sn,c(1),..c(N)) is dependent on
the positions of point, the coding scheme used and distribution of channel gain

{9 = |h|?, fa(g)}. The general problem can be stated as

min P/ (s1,..sy,¢(1),..c(N)) (2.4)

N
subject to Z llsi]|2 = ¢

i=1

The above problem is relevant as it helps define a limit below which one cannot
push the error rate for a fixed size and average power and what signal set to use
to achieve this limit. It is important to understand these solutions as we would see
later that these can be used in adaptive schemes in which power and signal set can

be adapted.



2.3 Past Work

Multilevel Phase Modulation based communication systems were initially developed
by Doelz et.al in [6] and were shown to be efficient in bandwidth versus SNR trade-
off by Cahn [7]. Cahn analyzed the performance of phase modulated systems in
gaussian noise under coherent detection and phase comparison detection technique.
In this work itself Cahn gave insights on the idea of combining phase and amplitude
modulation and in [1] it was shown that as the number of bits per sample grow the
combination utilizes the transmit power more efficiently. Following this the work of
Hancock et.al [2] analyzed the performance of two types of transmission systems one
where amplitude and phase channels are uncorrelated and the second type where
the two streams are dependent and the second is shown to be superior. Work of
Camopiano et.al [3] showed the 2 dimensional signal constellation idea and coherent
demodulation of in phase and quadrature phase components independently, this is
fundamental to digital communications till date.

Finding best signal sets in terms of symbol error rate for constraints like peak
and average power were the next set of interesting problems which came into picture.
Some initial works in this direction were either heuristic or ad hoc. In [8] Lucky et.al
characterized the solution to the symbol error rate optimization problem illustrating
that at low SNRs phase modulation is useful and at higher SNRs a combination of
both. At low SNRs expression of error rate is shown to decrease with increase in the
perimeter of convex polygon enclosing the constellation, showing phase modulated
constellations as ideal in that range. In [9] C.Thomas et.al generated a set of 29 con-
stellations with size ranging between 4 and 128 and investigated them for optimum
designs. Next [10] proposed a really nice heuristic idea to look at the problem in
which points were allowed to take only discrete positions in the plane. This was the
first work which formulated this as an optimization problem though an approximate
one and solved it efficiently, thus proving to be an effective tool in obtaining near
optimum solutions. Each of these works had certain assumption which led to only

symmetrical solutions.



The above works were followed by really significant work of Foschini et.al [4]. The
problem was looked at from the perspective of optimization formulation. Gradient
search based procedures were used to come up with the locally optimal solutions.
An important assumption of the work was asymptotic (large signal to noise ratio)
which meant that problem was unanswered at any finite SNR value. The main
problem while solving this problem was the fact that the objective function does
not have a closed form solution in terms of any general arrangement of points. In
[11] Craig proposed an elegant method for expressing symbol error rate function for
any arbitrary shaped decision region (arbitrary polygon) as a sum of one dimensional
finite integrals. It is important to understand that for a fixed relative arrangement of
points, exact symbol error rate expression can be written since the shape of decision
regions are known, implying that analyzing symbol error rate as a function of SNR
for a fixed relative arrangement is relatively easier. [12] exploits this and show
convexity of SER as a function of SNR under certain conditions. Actual difficulty
come when SNR is fixed and relative arrangement can be varied, in such a scenario
the objective function cannot be written in closed form. Interestingly the expression
for symbol error rate for a 1 dimensional constellation does have a closed form for
any arrangement and Makowski et.al in [5] come up with necessary conditions for
optimal constellation under any general energy constraint in AWGN channel.

A surge in the area of wireless communications gave rise to the same problem in
the context of fading channels and recent works in this direction focus on considering
a family of constellations defined by certain parameters and then optimize those
parameters at a fixed SNR. [13] came up with new expressions for various signal
sets in context of fading, which helped optimize the parameters of these signal sets
and come up with optimal ring ratios for signal sets. Recent works like [14] and
[15] come up with regular structures which perform better than QAM and have
less decoding complexity but of course are not optimum. [16] generalize the QAM
to a # QAM family, arrive at exact symbol error expression and the parameter 6

is optimized, basically this general family captures symmetrical constellations like



triangular QAM and square QAM in a nice fashion. The main limitation of the work
is that it gives optimal solutions within this symmetrical family of constellations.

Interestingly the problem of optimization of constellations (1-D/2-D) with re-
spect to bit error rate has not received as much attention as symbol error rate. The
problem in that case is not only of designing the constellation but also the labeling
scheme which makes it fairly difficult. But there are works in literature which deal
with proving optimal labeling for a fixed relative arrangement of symbols. [17] shows
that gray coding is optimal for PAM,QAM and PSK type of constellations. In [16]
the authors arrive at close to accurate expressions for bit error rate and show that
SQAM is optimal within § QAM family in low SNR region and 6 ~ 65° in high SNR,
range for an AWGN channel.

2.4 Conclusion

At the end of this section we can conclude that we still do not know “ the best”
2-D signal constellations in terms of SER/BER at a finite SNR in both AWGN and
fading channel. Also the best 1-D signal constellations in terms of SER/BER in a
fading channel are unknown. In the next chapter we would look at the problem for
optimizing both 1-D and 2-D constellations in both AWGN and fading channel at
SNR — o0.



Chapter 3

Optimizing Signal Constellations

at Asymptotically high SNRs

In this chapter we deal with optimization problem described in the previous chapter
but at asymptotically high SNR values. Necessary conditions for optimality are
proposed and conditions proposed by Foschini et.al are shown to be inaccurate.

In the first section we show the formulation of the problem at asymptotes for
1-D and 2-D constellations in both AWGN and fading channel. In the next sec-
tion we propose necessary conditions for optimality of 2-D constellations in AWGN
channel followed by the section where we show the counterexample to Foschini’s
conditions. In the section to follow we show optimization results for both 1-D and

2-D constellations. We conclude the chapter in the last section.

3.1 Problem Formulation at Asymptotes

We state two necessary conditions in the below given lemmas which every optimal

constellation is bound to satisfy irrespective of SNR,

Lemma 3.1. s* = {s], s}, s3,...s3 } is a solution to the general optimization problem

in 2.5 only if the centroid s. = + SN sr=0.

Proof. Firstly we state that as the minimum value of the error rate P.(sy, ..sn, ¢(1), ..c(N))

10
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decreases with ¢, here c is the total power constraint. This can be seen from [12],
where SER is shown to decrease with SNR for any arbitrary constellation and on
the same lines same can be said for BER. Suppose {sj, s}, ...s}y} is a minimum and
Se = ~ Zf\il si is the centroid and T'(sq,..sy) is the function characterizing total

]

energy in a constellation.

N N
T(s7,85,-s%) = > _Isills = D lls — sc + scll3
i=1 i=1

N N
=D st = sell3 + Nllsell3 +2) (57 = 50)"se (3.1)
i=1

=1

In the above the cross term becomes 0 since s, is the centroid. Assume s, # 0, this
would mean that the total power in the equation (3.1) can be reduced by translating
such that the relative arrangement of the points is same and s, = 0, here s/, is the
centroid of the translated constellation. Since the relative arrangement of points is
same the symbol error rate is same [12]. This means same SER is obtained at a
lesser power ¢ value. This combined with the fact that optimal SER decreases with
¢ leads that {s7,..s3/} cannot be optimal. Therefore for the solution to be optimal

s, has to be 0. [ |

Lemma 3.2. If a constellation {s},s},..s%} is optimal solution to 2.5 then the

|> = ¢ at

derivative of P,(s1,sa,..sn,¢(1),..c(IN)) is zero on the surface Zf\il II's;

{s1,s5..s%} and is proportional to (s%,...s%).
Proof. The proof of the above follows straightaway from KKT conditions.
L(s1,..55) = Pe(s1,..5n,¢(1),..c(N)) + AT (s1,..5n5) — €)

VL(s],..sy) = VP.(s],..sN,c(1),..c(N)) + AVT(s],..sy) =0

VP,.(s],..8n,c(1),..c(N)) = —=2X[s], ..sN]

Having described the general optimization problem and the necessary conditions
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for optimality we now focus on coming up with the optimal geometries at asymp-
totically high SNR values. We now give a lemma which gives a general relation

between symbol and bit error rate, expression given below from 2.2 and 2.4,

N
1
Pie(s1,..5n) = ¥ 5 Pie(s1,.-Sn|sk)
k=1

1

Pe(s1,..5n, ¢(1),..c(N)) = NTiog, N Z > d(e(4), cli)) Pee(sj]5:)

Here Py is the symbol error rate Ps(..|s;), is symbol error rate given s; is sent,

Py.(s;4]s;) is the probability that s; is detected given s; is sent.

Lemma 3.3. The bounds on Bit error rate function Py(s1, Sa,..Sn,¢(1),..c(IN)) in

terms of symbol error rate P,

mpse(sl, SN) < Ppe(s1, 82, ..5n,¢(1),..c(N)) < Pse(s1,..5N)

Proof. Pue(s1, 83, .5N) = o Yoy Do rss Pee(s5]5:) and d(c(i), ¢(j)) < [logy N. From

this we have

Pye(s1, 82, ..8n,¢(1),..c(N)) = NDOgQ ZZd ) Psc(s5]54)

i=1 j=1

N N
Z Z 10g2 se S]‘SZ) S Pse(51732---5N)

10g2 i=1 j=1,j#i

So the upper bound in the lemma is established. Next we see that since d(c(i), c(j)) >

1, since 7 # j which would imply that,

. D3 el i) Pelsls) > N v D 3 Pelsla)
1
flogy W] =515

So this completes the proof. [ |
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3.1.1 Problem Formulation For 1-D Constellation

Let S = {s1, $9,..sx5 } be the 1-D constellation with each point in . Let Py.(s1, S2,..Sn)
be the symbol error rate and {5[1], 3[2]....5[]\[]} is sorted in the increasing order of
value. For the case when the channel has no fading and there is only additive white

gaussian noise of variance o we have

'—_SW) (3.2)

2
Here @ is the standard Q function, Q(z) = \/% e e~zdt On the same lines as in

2.2 we get the expression in flat fading channel whose gain |h|* = g is distributed as

fa(g)

Py(s1,.8n Z / Q! T )\ fo(g)dg

P,. at asymptotes o> — 0, we can approximate Q(z) ~

>2

N—
e e _ 1 1] — 3i)°
Pse($17'~N NZ/ _NZ T)

Here M/ is the moment generating function of f and the symbol error rate at
asymptotes is sum of MGF of distance between adjacent points squared. The above

approximation can be further tightened using the expression from the work of Chiani

et.al. [1§]
1 22 1 a2
Q(l‘) = E@ + 16 3
to get
N-1
1 1 (S[i41) — S[i})2 1 (Spi+1) — S[i])2
P AU N (el /Y .2 B VAN S /Al i U .
se(sla SN) N <6 f( {2 )+ 2 f( 1202 )) (3 3)
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3.1.2 Problem Formulation For 2-D Constellation

Let S = {51, 52, ..sn} be the 2-D constellation with each point in 2. Let P..(s1, s2,..5n)
be the symbol error rate and {D;,..Dy} be the N decision regions obtained from
the Voronoi diagram of the N points. For the case of AWGN channel the expression

goes as follows,

1
Pasiiosnls) = [ soelen s dady

(x.y)eDg 2T
al 1
Pic(s1, 82,..58) = NZ/( - 7€ e~ 1@ =sil) gy
. x,y)eDS

Again on the same lines as 2.2 we get the expression in flat fading channel as
Pie(51,59, .. Z/ /x o %e_” 2=VIsil3) f(g)dadydg (3.4)

At asymptotes 02 — 0, we can say that Py (si,..sy|sx) and Dy are determined

by min;y ||s; — si|| and can be approximated as

0o . 2 . 2
min,;+g ||Sg — Sj min,«e ||Sg — Sj
Pse(sh S92, "8N|Sk) ~ / €xXp ( —g ke 8||O'2 ]H )fG(g)dg = Mf(_ ke 8”0_2 j“ )
0

Here M/ is moment generating function corresponding to distribution f. So the

(_ min;p, [|sg—s;?

e ) For the case

objective function is simply P (s1,..S5) = chvzl M
of AWGN channel the distribution f is 6(¢g — 1) and the M/(t) = ¢!, So the error

expression is is

N
1 sk — 551
P LSN) & — LA
se(1, 82, -5) = 321 eXp( min =
Pse(Sh S, ..SN) ~

_€Xp< mmM) 1+Zexp(minM_min Hsk SJ“ >)

N J#k* 8o oy J#k* o j#k 802
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In the above, k* is the index of that symbol whose nearest neighbor’s distance
is lesser than or equal compared to any other symbol. So at asymptotes we can
say that P, would scale exponentially as the term outside the bracket as the terms

inside would go to zero. This leads to

. ||5j — Sk 2
PSB 3 g e ~ — - - 3.5
(81, 2,-8) eXp( T 802 (3.5)
From Lemma 3.3 we can say that the bit error rate at asymptotes is
Y y
! . |8] L : . |S‘ — Sk 2
—min ————— | < Fe(s1,..5n,¢(1),..c(N)) < T
Mlog, NT 7 < i 802 bels1,5n, 0(1), e(N)) < exp (= min =g

Since the bit error rate function is sandwiched from both sides by symbol error
rate, so the rate at which it goes to 0 is decided by pairwise minimum distance
among all possible pairs and would not depend on the labeling scheme c. So the

equivalent optimization problem is ,

Maxrﬁélilej — k| (3.6)

N
subject toz llsi]|? = ¢

=1

Now we look at the case of bit error rate in fading channels. From Lemma 3.3 we

can write
LS a0 o)) < 3 01 i 12— 50
[logy N — f rgéll? 802 bel 81, - SNs L), € — f rln;]? 80?
(3.7)

Result 3.1. lim, oo Mf(—a) =0

My(a) = [T e f(x)de = [y e f(x)dx + [ e f(z)dx. For any € > 0 the
second term [~ e™ f(x)dx < e7 [ f(x)dx < e~ and the first term [ e~ f(x)dx <
Jo f(x)dz < sup,coq(f(z))e. Assuming f(x) to be bounded we can say that both

the terms approach 0. This completes the result.
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Using the above result and (3.7) we get that optimizing bit error rate at asymp-

totic SNR is equivalent to

N .

, min;y, [|s; — sil|?

min Y Mp(——2 o ) (3.8)
k=1

N
subject toz Isxll* = ¢

k=1

In the next section we analyze the problem in 3.6 and come up with necessary

conditions for optimality.

3.2 Necessary Conditions for Optimality of 2-D

Constellation in AWGN Channel

Here we come up with necessary conditions which imply symmetry in the optimal

constellation. We start with stating the following result which would be used later.

Result 3.2. Maximum of the minimum distance from the neighbors which is a

solution to (3.6), is a strictly increasing function of c.

The proof to the above result is obvious, as ¢ is increased one can proportionally
increase the power in each symbol leading to increased separation between each of
them.

Now we come up with necessary conditions for optimality.

Theorem 3.1. If S* = {s},s3,...s} is a solution to the above problem in (3.6),
then each symbol s; would have a nearest neighbor which would attain the optimal

maximum distance.

Proof. Let S* = {s}, s3,...sy } be a solution to (3.6) and maxming,, ||sx—s;|| = a(c)
is the optimal maximal distance which increases with c.
Suppose we assume that there exists an sj for which minj [|s§ — s7|| > a(c). As

a result we can reduce magnitude of s} by a factor of m < 1 to the point satisfying
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minj; ||s5 — ms;|| > a(c). This would reduce |[[s;|| and this in the magnitude of
s; would lead to a decrement in total power ¢ — d¢, this would mean that a(c —
dc) = a(c). This leads to a contradiction as we know that « is a strictly increasing

function. [ |

Theorem 3.2. If S* = {s],s},..sy} is a solution to (3.6), then each point s} will
have at least two nearest neighbors which attain the same optimal maximum distance

and the two neighbors lie on the opposite side of line joining origin to s}

Proof. Let s; = (r},0;) and s} be the neighbor located at the least distance a(c)

1771

from it. Also let us assume that s; = (17, 67) be the only neighbor which is nearest to
it. The set of remaining points consist of points apart from j is S;_; = {s}}*N{s}}°
and min, es,_; ||s7 —s;|l = B(c). We can assume 6; —605 > 0 without loss of generality.

We can write a(c) as a(c, 6;), a function 6;

2 %2 *2 * ok *
ale, ;)" =" + ;" = 2rir; cos(t; — 07)
da(c, 07)?

A 2riry sin(0; —05) >0

Since (¢, 0;) > a(c,0;) and change 007 > 0 is such the minimum distance ||s; — |
increases and f3(c, 6;) should not decrease below a(c, 6F). Upon this rotation s; would
have no nearest neighbor at the optimal distance implying that ||s;|| can be reduced
like in theorem 3.1. This would imply that the optimal minimum distance can be
increased. This is a contradiction and so the assumption that the point will have
only one minimum distance neighbor cannot be true. So, the point needs to have at
least two nearest neighbors and if both are on the same side of the line from origin

to s; then again a rotation would lead to contradiction. |

These necessary conditions go on to show that optimal constellations are sym-
metric at asymptotically high SNR values. This fact is not coherent with the work

of foschini and the next section deals with this claim.
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3.3 Counterexample to Foschini’s Conditions

3.3.1 Error in Foschini’s Work

Equation 21 in [4] gives the expression for the gradient gy =, e”
;) Lsis

It is given that as N, — 0 then g, = aZieN(k) l,—s, = s and let {s1,..sy} be a
local minimum of the expression in (8) in [4]. The above necessary condition is not
correct because the nearest neighbors of s, are not at the same distance from it and
as N, — 0 the term in the exponential of the derivative is not the same for every
nearest neighbor which is assumed in the necessary condition approximation. The
correct way to look at the problem is at asymptotes when N, — 0, it is important
to see that any arrangement would give SER — 0 but the rate at which these
constellations is the deciding factor. The rate is decided by min,; ||s; — s;|| and the
constellation with highest rate is said to be asymptotically optimal. Basically at the
asymptotes the objective function is min,; ||s;—s;|| and this being non differentiable
makes the approach of taking gradient infeasible, so we take a different approach
described below.

Now we would come up with the asymptotically optimal 5 point constellation
and then show that it does not satisfy the necessary conditions given by foschini
et.al. Any possible arrangement of 5 points falls into one of the following category
1. All collinear 2. Triangle with 2 points inside 3. Convex quadrilateral with one
point inside 4. Convex pentagon

First we would see that using theorem 3.1 and 3.2 we would come up with
symmetrical families which satisfy the necessary conditions and from these we arrive

at the optimum solution.

Theorem 3.3. For a 5 point constellation, no irregular convex pentagonal constella-
tion qualifies as a candidate for optimal constellation and for a convex quadrilateral
with one point inside only the family of two equilateral triangles with a common

vertex satisfy the necessary conditions in previous section.
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Proof. Convex Pentagon

Let us consider any 5 point convex polygonal constellation and the points {s1, S, ..S5}
in the cyclic order form the convex polygon which means s; has edge to s; and ss.
From theorem 3.1 and 3.2 we know each point would attain at least same mini-
mum among the nearest points.
This leads us to say that each point s; can have both optimal distances 1)attained
by adjacent neighbors, 2) one by adjacent one by next to adjacent, 3)both by next
to adjacent.

Let us do an exhaustive case by case analysis.

1. Firstly if every point has the nearest neighbors as the adjacent points then we

obviously have a regular convex polygon.

2. If at least one point has nearest neighbors as next to adjacent points then we
see what happens. Let s; has one nearest neighbor in the form of s3 and other
as s4. S50 diz3 = diy = dpin as shown in figure 3.5 and lets go on to s4, one
of its nearest neighbor is s; and other nearest neighbor can’t be s, because
d3s 2 dpin. Lets assume dyy = dyin then Zsys1s3 > % using cosine rule in

triangle sy4s183. £s48182 < 3 using cosine rule in triangle in s48155. This is

not possible as it leads to contradiction.

(a) If d3y = dpn then it is clear that sysgsy form an equilateral triangle.
From theorem 1.2, Points sy and s; their will have nearest neighbors as
s1,83 and s1,s4 respectively . So we have all the points located on a

regular convex polygon.

(b) If d3s > dyin, the other nearest neighbor of s, has to be s5 as it cannot be
s9 which has to be on the other side of s1s3 . The other nearest neighbor
of s5 apart from s; has to be s1. So, $15485, S15283 form equilateral
triangles making the whole all the adjacent distances in the constellation

to be same except for dsy. If d3y > d,,;n the constellation would not be
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S5 2
VSlN
S4 53

Figure 3.1: Two Equilateral Triangles with one vertex common

convex ( prove using two angles from equilateral triangle 7 and other > %

total angle > 7, therefore dsy = dnin-

3. Now we have to look at the case when s; has one nearest neighbor as s, and
the other as sy. In this case, if s; has s4 as the nearest neighbor then it
would be the same as the case of at least one point having two non adjacent
nearest neighbors. Therefore doy > d,.;, and also s3 cannot have s5 as nearest
neighbor. If s3 has s, and s; as nearest neighbors and s5 can only have s;
and s4 as nearest neighbors giving a regular pentagonal structure. If s3 has s9
and s; as nearest neighbors this combined with s, having s5 and s; as nearest

neighbors give us regular pentagonal structure.

Convex Quadrilateral with one point inside

Now we move to the case of convex quadrilateral with one point inside. Let {s1,..54}
form the convex quadrilateral and s; is a point inside. So at least one point has
s5 as nearest neighbor let that point be s; and s;’s other nearest neighbor can be
adjacent or next to adjacent point. If we choose the next to adjacent point which
means S3 then sy will have s; as the nearest neighbor which means this case is
already considered if we assume only the adjacent point case. So let s; have s, as
the other nearest neighbor. Now sy can have s; as nearest neighbor forming an
equilateral triangle which means the other two points s4 and s3, if one of them s5
as nearest neighbor then we will have another equilateral triangle in the form of

s48355. Two equilateral triangles with s5 common and centroid at origin as in figure
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D

Figure 3.2: Regular Pentagon, parameters 6 and ¢

3.1, is the family of constellations which satisfy necessary conditions. It can happen
s3 and s4 have nearest neighbors as the adjacent points s; and s; as neighbors and
d34 = dpmn such a case is not possible as ( contradiction sum of angles). If sy had
sz as the other nearest neighbor with dy5 > d,,;, and s3 has option of s4 and s5 in
both these cases a rhombus would be formed which would not satisfy the condition
that s5’s distance to the vertices is more than edge length.

Based on similar lines, we can show that the cases for triangle with two point

and collinear one do not qualify as optimal candidates. [

Basically in this lemma we have applied necessary conditions derived in theorem
3.1 and 3.2 to come up with the a family of convex pentagons and two equilateral
triangles with a common vertex and centroid at origin which are possibly solution
of (3.6). Now we have to find the optimal member among the family of regular
pentagons.

In figure 3.2 we see a regular pentagon with side d and the family is parameterized

by 6 and ¢ with centroid at O. First let us try and find the minimum for the case
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Figure 3.3: Regular Pentagonal, ¢ = ¢*

when 6 is fixed and ¢ is varied keeping the total power fixed and the centroid at the
origin. In general d which is the minimum distance is a function of 6, ¢ and c¢. But
when only ¢ is varied , it is d(¢). When ¢ = ¢* given below, the constellation is
given in figure 3.3

3

— 3T~ g —cos ' (1 — QSin(g)) (3.9)

From the symmetry of the situation we can see that d(¢* 4+ ) = d(¢* — «) which
means the derivative is zero at ¢* for a fixed # and the function d is decreasing on
both sides of ¢* and this claim can be shown by plotting d as a function of ¢ for a
fixed 6.

So now the problem reduces to comparing these minima for different values of
¢".

For simplicity of analysis we would use the rotated version shown in figure 3.4
parameterized by «

So what we need is the expression for d(a) 0 < a < 3.

o

d(a) =

1+ +2cos?(a) + 2sin® a + $(1 — (cos(a) — $)?) + %sin(a)\/(l — (cos(a) —
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(0, g(Zsin(w) + 4sin(¢™))

(dcos(a), g(Qsin(w) - sin(a))
(—dcos(av), g(Zsm(w) — sin(

W W

dd,
L ssnte) g (=g lisily) +sinle)

Figure 3.4: Regular Pentagonal with parameter o

Sr dmm $1 dmm S
e
\%/‘HHH
mn 53

Figure 3.5: Optimal Constellation

From the plot and derivative of this function one can say that it takes a minimum
value at a = 0. So from this we have the optimum constellation as shown above in
figure 3.5.

Among the family of equilateral triangles sharing a common vertex we can say
that the optimal constellation shown above will have least energy for a fixed distance.
If s; is origin then each of these have same energy but we need to have centroid at
the origin, so the arrangement needs to be translated to have centroid as the origin.
So the arrangement which needs to be translated the maximum distance would have
least energy, implying the optimal constellation shown above will have least energy.

The above optimal constellation is a counterexample to Foschini’s conditions
because if we add the unit vectors in the direction of nearest neighbors of s4, we do

not get the resultant in the direction of s4. uzs + g5 + ug1 points in wyy.
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3.4 Optimization Results

For the case of 1-D constellation,

Result 3.3. Uniform N point PAM is globally optimal at asymptotic SNR values
in terms of SER and BER in AWGN channel, best possible labeling scheme being

binary reflected gray code.

Proof. First we would show that no constellation in which the distance between the
adjacent points is not equal is not a possible solution to the above problem.

Let us assume that § = {sy, s2,..sy} be a solution to the above maximization
problem in which at least one point is not located at the same distance from its
adjacent points. Let s; be that point and let d; ;41 < d;;—1 . If this is the case then
this would mean that magnitude of s; can be reduced at least till the point where
the two neighbors are at the same distance from ¢. This would mean that the same
maximum distance can be achieved at a lower power implying that the § is not a
minimum from Result 3.2.

So this establishes the fact that only an arrangement of points in which inter
symbol distance between nearest adjacent neighbors is same can be optimal. This
condition of equal distance combined with the fact that centroid of the set of points
is at origin ( in Lemma 3.1) gives uniform PAM as the unique optimal solution.

Since we know that uniform N-PAM is the optimal constellation but we have
not commented on labeling for BER. In order to have a labeling which helps BER
achieve the lower bound given in lemma 3.3, binary reflected gray coding scheme is

the best amongst all possible schemes [17]. |

1-D constellation in Rayleigh Fading channels, the objective at asymptotes is

N-1 1

proportional to ) " 5. Interestingly optimizing this objective under the

(spi+11—304)
power constraint gives us non uniform constellations as the optimal solutions. For 8
point constellation the optimal solution in terms of SER when total power is fixed to

unity is {—0.556, —0.371, —0.216, —0.071, 0.071, 0.216, 0.371,0.556}. For the case of



25

Figure 3.6: Lattice of Equilateral Triangles, Optimal constellations at asymptotes
in both AWGN and Rayleigh fading channels
BER, as seen in the previous sections, the same constellation with binary reflected
gray coding would be optimal.

For the 2-D constellation in AWGN and Rayleigh fading channel, the optimal
constellations in terms of SER/BER form a lattice of equilateral triangles as shown

in the figure 3.6.

3.5 Conclusion

In this chapter we have analyzed the BER/SER optimization at asymptotes for 1-
D/2-D constellations in both AWGN and fading channel. At asymptotes it is shown

that the optimization in terms of bit error rate is equivalent to symbol error rate for
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both AWGN and fading channels. 2-D optimal constellations in both AWGN and
rayleigh fading channel are shown to form a lattice of equilateral triangles. Necessary
conditions arrived at by Foschini are shown to be inaccurate and alternate necessary
conditions are given. In the following chapters our aim is to solve the same problem

at finite SNR values.



Chapter 4

Optimizing 1-D Constellations in

terms of Error Rate at Finite SNR

In this chapter our aim is to come up with best 1 dimensional constellations in terms
of both SER/BER in both AWGN and fading channels. We also come up with
necessary conditions for optimality in terms of symbol error rate in both AWGN
and fading channels.

In the first section we deal with convex formulation of optimization problem
in terms of symbol error rate in both AWGN and fading channel. Next we go on
to come up with necessary conditions for optimality for the same. In the following
section we analyze the bit error rate optimization problem . Moving on in the second
last section we come up with optimal constellations and show the improvements
in comparison to uniform PAM and we follow this section with conclusion to the

chapter.

4.1 Optimization in terms of Symbol Error Rate

The closed form symbol error rate expression for any possible arrangement can be
written unlike the 2 dimensional case. Let Ps.(s1, S2,..sy) be the symbol error rate
and {5[1]7 S[2] ....S[N]} is sorted in the increasing order of value. For the case when the

channel has no fading and there is only additive white gaussian noise of variance o

27
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S1 S2 S3 S

v|2

sya SN-1 8N

Figure 4.1: Uniform N PAM

we have from equation 3.2

N-1
2 S[; — S[4
Pyo(s1, 83, ..5x) = NZQ(M) (4.1)
=1

20

Here @) is the standard QQ function. Our aim is to minimize the above given a
fixed power as in (3.6).

The optimal solution to the above problem has been characterized in the litera-
ture by Makowski et.al [5]. Makowski et.al establish that optimal solution need to
be symmetric about the origin and the inter symbol distance increase as we move
away from the origin. Our aim here is to actually derive the optimal solution and
characterize based on signal to noise ratio. We then deal with the problem in a
general fading channel case. Having done a complete analysis of optimal solution
for symbol error rate in fading channels we would go the analysis of bit error rate.

Let us consider when the channel is fading with additive noise component. Signal
Received y = hs; +n where n is additive white gaussian noise with variance o and
h is the complex fading coefficient. |h| is a random variable whose distribution is
fin() and the average symbol error probability is given as follows from equation

3.3,
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We can reformulate the optimization problem as a convex optimization problem,
but before that let us show that g(d fo Q(ad) fin(a)do 5d > 0 is a convex

function on d > 0

0o o] Ozgd ad)2
:/o Q”(ad)f|h(a)da:/0 \/ﬁe( 3 fin(a)do

Since ¢”(d) > 0 ;d > 0 which would mean that the g is convex on d > 0. This helps

us formulate the minimization problem as follows

N
P (dy, dy,..dy) = Z/ ()dal(d;) = = g(di)I(d;)
=1
min P.f (dy, dy, ..dy) (4.2)
N i—1
subject to Z(Sl + de)Q <c (4.3)
=1 k=1

Now we have the above problem formulated as a convex problem which implies
that any local minimum should be a global minimum as well. Based on similar
lines as previous section on AWGN we come up with some necessary conditions for

optimality.

4.1.1 Necessary Conditions For Optimality

Lemma 4.1. For a constellation to be optimal, it has to be symmetric which means

for every symbol s; > 0 there is a point s; < 0 such that |s;| = |s;|

Proof. Let us assume that § = {s1, $2,...sy} is optimal and such that {s; < s,... <
sy} and {s; —s; = d;; ;j > i}. From the expression of symbol error rate we can
also justify that § = {—sn,—Sn_1.... — 51} should give the same error which means

that this also is optimal.

_ s
Let us construct another constellation §* = 5% and |5*| < ‘SH'z'S L — |5]. The
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power in §* is less than s.

Pl(s1, .5 i dis1,i) (4.4)
Whereas from Jensen’s inequality
Pl(st, ..8% Z "*1’+dN+1 )
2 i%g diirs) + ;g(dNH n_i) = PI(s1, 52, .5n)
i=1
Equality being satisfied only when d;y1, = dyi1-in—; Which is the case if 5 is
symmetric otherwise the constellation is not optimal. |

Lemma 4.2. For a constellation to be optimal, as we move away from origin the
inter symbol distance increases as we move away from origin, which means d; ;_1 <

di,i+1 when s;_; > 0 and di,i+1 < diyifl for Siv1 < 0

Proof. Assume that we have an optimal arrangement {s1, S, ..s5} in which s; 1 > 0
and d;;—1 > d; ;1. So suppose we change s; to s; = s; + ds; and to keep the total

power constant we change sy to sy = sy + dsy such that s;0s; + sydsy = 0.

(SPe(Sl? 52, -'3N>
6Si

= /UOO (Q/<adi,i1> - Q/(Oédi,iJrl) - :_;/Q/(adN,Nl))f}”(Oé)dOé >0

Si

= (g,(di,i—l) - g,(di,i-i-l)) - 59 (dNN 1)

The above holds because d;;+1 < d;;—1 and

S,
(Q (adii1) — Q'(ad; 1) — S_ZQ/(O‘dN,N—l)) =
a2d? ) 0242 o242
Lo-Thes | 8 T T g

So we see that the derivative is positive with respect to change keeping the constraint

satisfied which implies that the constellation can’t be optimal. |

Theorem 4.1. For a constellation to be optimal, the increase in the inter symbol
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distance as we move away from origin cannot be more than a certain limit. If

p(v) = fin(y/7) and P(s) = L(p(7y)) s > 0 where L is the Laplace transform if

s; > 0 then d” 1 < di,iJrl < \/Pil AL P( “ 1)) and if s; < 0 then di,i+1 < di,ifl <

27,-1—1 402
1 1+ 1 1 z+ 1
\/P 2z+1 (5> ))

Proof. Here also the idea is somewhat similar, first let us take {s1, s2,..sy} to be
optimal. Let s; > 0, and here we change s; and s;; only keeping the total power

fixed, which would mean s;ds; + s;1108;41 =0

dP.(s1,82,.-SN)

o
0s; =9 20 Sit1 20 Sit1 20

dii— i di; i diy1,i
: 1)_ 1+ S J( Aty Si +1,+2)

Since s; < siy1 and if ¢/(%2) < (1+ jﬁ)g'(dgﬁl) < %fllg’( “L) would mean the

derivative above can never be zero implying that such an arrangement cannot be
optimal.

In the above we used 1 + % < 2L

- =5 and it can be justified as follows. Since

we know d; ;41 is larger than preceding inter symbol distances for all s; > 0 and

j < t. This combined with ZZ: ;i k+1 = i, here j is the index of first non negative

symbol, gives d; ;11 > 2. From this we can say that 1+ = =1+ S_+;? — < 22%1

d”‘,1 > _d?,i—lo‘Q o
9'<2’—U>:‘/0 ¢ gy mle)da

o0 _‘izz,i—ﬂ Y 1
—— [N L Ayt
0 g

—1 o0 d?,ifﬂ
= 6_ 402 d

2’.7 -1 d%‘_

—]_ o0 7dzz 17 ii—1
= e 402 dy=——P
2\/50/0 pln)dy 220 ( 402 )

Here P(s) = [ p(y)e *'dy and P'(s) = — [ vp(y)e *'dy < 0 because p(v) >

0 implying P is strictly decreasing in s > 0.
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d; i1 2i+1 , d;ia
/ 3 < / )
95 ) <19 )
-1 dzzl -1 2i+1 dzz—i—l
P < P
2v/20 (402) 220 i+ 1 <402)

a7 - pl i+l di

P
402 <2i +1 ( 402

3)

So if the above is true the derivative can never be zero so the condition in the lemma

holds. [ |

Corollary 4.1. For a constellation to be optimal, the increase in the inter symbol

distance as we move away from origin cannot be more than a certain limit, if s; > 0

then dzz 1 < dzz—i—l < \/d 1 + 402 ln(2’+1) and if s; < 0 then di77;+1 < di,i—l <

i+l
VB + 402 In(28h)

Proof. Here also the idea is somewhat similar, first let us take {s1, s2,..s5} to be
optimal. Let s; > 0, and here we change s; and s;; only keeping the total power

fixed, which would mean s;0s; + s;4108,0.1 =0

(SPe(Sl,SQ,..SN) .
551' N
d; i1 Si d; i+1 S di+1 i+2
) _ 1 / ) / )
20 ) ( + si+1)Q ( 20 + Sit1 20 )

(4.5)

Q'(

digpr > 1 Q'(%52) < (1+ 75—)Q'(%=*) would mean the derivative in (4.5)

can never be zero implying that such an arrangement cannot be optimal,

d?z 1 S; dzz,H»l
e 402 > (1 + )e* 102
8; + dii1
d%z dzg,i
e heT > (14 ;)e* e
1 + z'L+1
,d'bzaiigl > (2Z + 1) 1 z+1
e 4o e 402
1+ 1
7 2i+1 d121+1
d In(= ) —
402 1+1 402
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Pl s sxoefD). (V) = foss 30 S el i) Plssls)  (46)

i=1 j=1

So, for the constellation to be optimal we have to have d; ;1 < d; ;41 < \/dfﬂ-_l + 402 ln(%)

From this theorem we can also see that increment decreases with increasing SNR

(decreasing o) and for 0 — 0 we can see it approaches a uniform constellation.

4.2 Optimization in terms of Bit Error Rate

Here our aim is to minimize the BER for a PAM constellation given the power
constraint but here as we would see that the objective function will depend on the
coding scheme and it would be non convex unlike the SER case. But as we would
see that the optimization problem can be converted into a convex problem under
the condition that power constraint has to be more than a threshold. To develop
this result we use the following results stated below. Let ¢ : [1,2...N] — {0,1}™
be the coding function which maps the indices of the symbols to a string of length
m = [log, N'|. Bit error rate function is given as (4.6)

Here P(sj|s;) is the probability that symbol j is detected given s; is sent and

d(c(i),c(j)) is the hamming distance between the two codewords.

Lemma 4.3. For any N point PAM,

1 V2P VP

og, N 9o ) S Frelsnom) < 29(@) (4.7)

lower bound holds for all constellations and the upper bound is necessary for the

constellation to be optimal in terms of BER

Proof. Here we want a good upper bound for the constellation to be optimal in
terms of bit error rate and we know that closed form expression of uniform PAM

given as, Py (sY,..s%) = 2¢g( VP ) Pse(s1,..5n) < 29(2#).

N
242 2 20
ZL_l i=1
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From Lemma 3.3 Pye(s1,..5n,¢(1),..c(IN)) < 2¢( ‘/ﬁ} )

Now we establish the lower bound,

N
2 S;
Pie(s1,..5n) = N E g(+12—0) G = {s1 < s9.. < sy}

Here P,. is convex over set G and = ZZ ) g(sl+1 sy > g 1%) =
9%+

Now we try to minimize

SN —81)

No

or max(sy — s1)

N
subject toz |s:]? =

i=1

min g(

. .. . . . P 2P
and a solution to this is obvious when s} = —s%, = \/; and g(2°0524) > g(%;) |

Here our aim is to minimize Py(s1,..Sn,c(1)..c(IN)) subject to the power con-
straint over all possible coding schemes. But since we know that gray coding is
possible in a PAM constellation and gray coding is known to be optimal for uniform

PAM.

Lemma 4.4. For any constellation to be optimal in terms of BER the separation

between any two adjacent symbols

diit1 > g~ (Nlog, N19(22§ - )
i=1v70

Proof. We know from Lemma 3.3 that T Pie (81, ..S8) < Ppe(s1, 82, ..8n,¢(1),..c(N)) <

a1

Pse(s1,..sy). This combined with Lemma 4.3 means that for a constellation to be

Po(s1,..55) < 2g9(—Y%E—).

optimal b; 5
& 252, i%0

o N
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So now we have

hist) < (Vg Mgl —)

20 2 ZZ

diiv1 > g (N[logy Ng(—5—))

2> %5, 1%0

g(

This bound can be further tightened by using the exact BER of hierarchical gray
coded PAM as the upper bound. So now we know that for any N PAM the distance
between adjacent symbols has to be more than the threshold given in the previous

theorem.

Corollary 4.2. For any constellation to be optimal in terms of BER in AWGN
channel the separation between any two adjacent symbols

diiy1 > 20Q (N log, N1Q( VP )

N
232, i%

The above follows if we take the distribution as fg(g) = d(g — 1)

Observation 4.1. For any N PAM gray coded constellation the hamming distance
d(c(i),c(i+1)) =1 and d(c(i),c(i+2)) =2

Since d(c(i), c(i+2)) < d(c(i),c(i+1)+d(c(i+1),c(i+2)) = 2 and the fact that
d(c(i),c(i +2) = 1 is not possible ( can be seen from construction) which means
d(c(i), c(i +2)) = 2.

Theorem 4.2. In BER optimization of gray coded PAM constellation in AWGN
channel global minimum is achieved beyond a average power threshold P* within g

distance § << 1

BER expression for any gray coded N PAM is given in (4.8) and we make use of

this observation.
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Si+ Si_1 Si

Pye(s1,..8n,¢(1),..c(N d(c 2 NI >1

1 ( )) Nﬂogg N‘I ;] IZJ#Z (| (} 20_ o ( )

N z+1 i+2

Si+1t S Si 1 ;i1 dii1 diiv1 +
(|2 SN < N —————E : :

dii1 + —=— diz 5 dijiv1 4+ dig1,ito + M diji1+di—1i—2+ Gim2is
+g( - )) — 29( - ) — 29( . —)) +

N el Sj + 8j=18i |\ 7/
Vo ¥ Z S el e@) (o LI > )
g N i=1 j#i,i—1,i+1,i—2,i+2
Sjt1t8; S
20

—9(| ~[1G < N))

For AWGN channel we use fg(g) = 6(g — 1) and we see that in the sum of Q
functions the dominant terms are coming from nearest neighbors and we use this

fact in the following way.

1 2
i4+2,i14-3
(di,i 1+d; 1,i 2+%)

i+2,i+3 —
Q(dz i+1 + dz+1 i+2 + —> < € 2 _
) 2 -
(%)
8
2
—3d3 il i1y 442,43 didy —di1diyn  dipadigs
e 8 2 8 i@it1 2 2

This ratio combined with threshold «(P)from lemma 4.4 gives that

Q(dijiz1 + dig1,i42 + M) —3a(P)?

P <e

Q(=5)
So we see that there is an exponential decay which means that suppose << 1
and e3(P)” < B, for this to happen P has to be more than a certain value, calcu-

lated as a(P*) = (/= In(8) This means that the bit error rate can be accurately



di 2 do3 d3.4

Pbe(d1,27 d2,37 d3,4) =

| =

2

Q(ds4 + @) —Q(ds 4+ dy3 + @)) + 1(Q(

2 2 8
1 d d d
+§(Q<%) + Q(%) + Q(d23 + %2))

2

)+ QU+ Qs + 1)

d2
2

(Q(T) + Qi+ =) — Q(di2 + doz + —)) + —(Q(_7

approximated as,

!

Po(s1, sn (1), c(N)) = m > (@)1 < N = 1)

diprie2, ;).
+Q(dii—)I(i > 1) + Q(dsigr + %)1(2 <N-2)+

di—1,-2

Q(d; i1 +

)I(i > 2))

Thus finally we have bit error rate as a sum of Q functions which makes it
convex. This implies that this optimization problem can also be seen as a convex
optimization problem which means the best possible constellation can be found.

In the case of gray coded 4-PAM exact BER is given by 4.9 The exact BER

d
(d1,2+d2,3+%))

dy 2
=)

function is not convex but if we use the fact that < f when a(P) >

=t In(B) In the SER case the objective function was a bit simpler but here as well
we can use the same ideas to show that above a threshold of P the solution can be
characterized in the same manner. Basically for optimal BER also the inter symbol

distance increases as we move away from origin.

4.3 Optimization Results

Since we know that the problem is convex for SER in fading channel and for BER
above a certain SNR in AWGN channel, in each case global minimum is attained.
We see that optimal constellation changes with SNR.

In the plot below 4.2 we show the comparison between SER of 4 point uniform
constellation PAM with different optimal constellation obtained at various SNR

values. The improvement is not fixed (around 0.1 db between 1-4 db SNR) because
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Figure 4.2: SER of uniform 4 PAM vs Optimal PAM
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SER of uniform 8 PAM vs optimal 8 PAM

10704 uniform 8 PAM flat fading ]
optimal 8 PAM flat fading

1072} uniform 8 PAM AWGN |
optimal 8 PAM AWGN

SER

4 5 6 7 8 9 10
SNR in db

Figure 4.3: SER of uniform 8 PAM vs Optimal PAM

as SNR increases uniform comes closer to optimal as we have shown already.

Since the exact solution cannot be arrived at analytically what we do is from
the geometry obtained we fit a polynomial in terms of parameter of the uniform
constellation and obtain close to exact expressions as given in table on next page.

The improvement in SER and BER of binary reflected gray coded 8 PAM for
AWGN and flat fading is shown below in figure 4.3 and 4.4. Improvement in the case
of SER in AWGN channel is the maximum around 0.25db. We can also arrive at
a similar table which gives an accurate expression for symbol points in the optimal
constellation.

Gray coding of 8 PAM is given as {¢(1), ..¢(8)} is {000, 001,011, 010, 110, , 111, 101, 100}

4.4 Conclusion

In this chapter we come up with optimization formulation for 1-D constellations in
both AWGN and fading channels. For SER minimization the problem is convex in

both AWGN and fading channel and for BER minimization the problem is shown
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BER of uniform vs optimal 8 PAM

BER

10°

uniform 8 PAM AWGN
optimal 8 PAM AWGN
uniform 8 PAM flat fading
optimal 8 PAM flat fading

I

10 10.5 11.5
SNRin db

9.5 11 12

Figure 4.4: BER of gray coded uniform 8 PAM vs Optimal PAM

Uniform 4 PAM | Optimal 4 PAM AWGN Optimal 4 PAM flat fading
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52 %d %d — 0317 | 00067 | 01886 0.067 %d — LB | 41% —5W 2&%
53 g g T 0.:;47 — 00067 0.11%86 0T g 1%8 —LIy 5&% — 299
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to be convex beyond a certain SNR threshold, in AWGN channel, implying global

minimum is achieved. In the next chapter we aim to solve the same problem in the

context of 2-D constellations.




Chapter 5

Optimizing 2-D Constellations in

terms of Error Rate at Finite SNR

In this chapter we deal with the optimization problem for the case of 2-Dimensional
constellations at any finite SNR. We formulate the problem in a numerical optimiza-
tion framework and using standard optimization procedures we show the optimum
constellations for the case of 8 and 16 point constellations in AWGN channnel.

In the first section we show numerical evaluation of SER/BER in both AWGN
and fading channel can be useful in getting the optimal solution up to a tolerance
level. Upon formulating the numerical optimization problem in the next section we
use interior point methods to come up with optimal solutions for 8 and 16 point
constellations. In the last section we conclude the chapter and lay the theme for

next chapter.

5.1 Numerical Optimization to Minimize SER/BER

As we can see that the objective function which is symbol error rate is not convex
and there is no closed form to it for any general arrangement of points. At best the
SER/BER expressions can be written in terms of certain gaussian 1/2-dimensional
integrals. Since we need to come up with optimal geometries which give the least

SER/BER for any N point constellation at a fixed SNR, the best way to go about is

41
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numerical optimization. Consider a set G' = {(s1, 59....55) Yo, |si]> < P} and let

0% =1 in a general fading channel.

alr.y) = arg. rqu|<x ) sil

Pty =1 / [ Lt izt

Pbe(31a327- SN, )
—(ll(@:y)—v/gs:13) dedud

As already said above we would be considering the numerical evaluation of the
SER and BER expressions above. To do that we bring the notion of tolerance which
basically is the limit for the error in the numerical evaluation from the actual exact
value, in our case it is €. For numerical evaluation we can say that for any fading
distribution there would be a value g* , P(G > ¢g*) < ¢ where § is close to zero.

We consider a square grid of discrete points shown in the figure which goes from
—ry/g*P : r\/g*P where r > 1, gain is also discretized into K intervals. On this
discretized domain, we use trapezoidal integration over this region to come up with

expression P within tolerance level of € as follows

11 K M M
P;(31752;---5N>: _NQ_ZZZB ming=1,...n [|(Zi,y;)—/Ft5k3) AzAyAg
d t=1 =1 j=1
rvg* P g*
Ar =Ay=2 Ag ==
rea M T K

We want to choose Az , Ag such that |Pse(s1,..sn) — Pl(s1,..sn)] < € and the
error in the above comes due to two factors, one due to not considering the integral
over the complete space and second due to trapezoidal approximation. We select the

domain such that we can reduce the error to below the tolerance value. Here we show

the analysis for the case of AWGN channel where the square grid is —rv/P : 7/ P
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given in figure 5.1. The error due to the first factor can be seen as

A , oo p—rVP . 5
1(s1, .- / / —(min;—1,.. N \(oc,y)—si|2)dxdy + / / e—(mini=1 N |(x,y)—sz'|2)dxdy +
/ / mlnz 1,. Nl 7y) 52'2 d:l';dy —I— / mlnl L. Nl(x,y dfl?dy
/P

The above error expression can be bounded above using the following idea, basically
the minimum distance of a point from the boundary of the grid is (T—l)\/ﬁ assuming

the symbol has maximum possible power P.

1(s1, - / / —re " d0dr = e~ rV*P
0 (r—1)VP

Error due to trapezoidal integration can be calculated using the following result

19, | J2 fa)de — SR (LT 5o p(q b)) < L)

From here we can derive the 2-D formula and from that we would have the bound

on error of second type

4 P?

62(51, ..SN) < W

In fact the ey(s1,..sy) would be bounded by 22 M4 as P becomes large (proof of this
is not given here). So what we can see is that we can by appropriately choosing r
and Az come up with P! which is within € tolerance level of the actual value.
Suppose Ps(s7,..s%) be the minimum symbol error rate that is achieved by any
constellation in G and the optimization of P, would give an optimal solution within

the tolerance level. So we have

min P, (s1,..5n)

N
subject toz |s;]* =

=1

In the above optimization problem we can see that the objective function is a



44

non convex one and our aim is to attain the global minima. So to do that we need to
search all the local minimum values. Basically on the level set of constraint function
which would be a 2N dimensional sphere we need to find all such minimum values.
It could be that there are infinite such minima but interestingly there would be only
finitely many distinct local minimum values, now we would establish this claim.
First of all we can see that P2 (sy,..sy) can be written in the form of a superposi-
tion of integrals of smooth functions. From this we can see that for any small change
in AP < dwe would have a corresponding norm ball s, s.t |s; — s;|2 < e. Also we
can see from simple ideas that the derivative of the P,. would also be continuous.
Now assume that there are infinitely many distinct local minimum values for the
optimization problem above. For any 5 > 0 we would be able to find local minima
separated by a distance lesser than 3. These local minima have must same value
of function since having distinct values at arbitrary small separation is in straight

violation with continuity.

Observation 5.1. There are only finitely many distinct local minimum values of

the optimization problem given above.

To arrive at each of these local minimum values we use interior point methods
from different start points. Using a large number of random start points we arrive
at different local minimum values and with a high probability we can say that the

global minimum value is attained.

Observation 5.2. Optimal constellation obtained is SNR dependent, basically the

geometry or relative arrangement of points changes with SNR.

On the same lines as symbol error rate, we can show that bit error rate can be
evaluated numerically. For the case of SER in AWGN channel , the error term for
integral outside the square grid goes as e~ ""Y*P_ The same bound can be used for

bit error rate from lemma 3.3 and the error due to trapezoidal integration goes as

O(572)-
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Figure 5.1: Grid Structure for evaluating SER of any N point constellation
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Figure 5.2: 8 point Optimal constellations obtained at different SNR values
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SER of Foschini’s constellation vs Optimal constellations obtained at different SNR

_05 T T T T T T
Foschini 8 point
Optimal 8 point
_1 - .
x
L
@
o
—
[o)
o
-15F b
_2 | | | | | |
5 6 7 8 9 10 11 12

SNRin dB
Figure 5.3: log(SER) vs SNR of optimal 8 point vs foschini’s constellation
5.2 Optimization Results for 8 and 16 point Con-
stellations

Interior point methods [20]are used for numerical optimization of 8 and 16 point
SER expressions at different SNR values. Using these procedures from multiple
random feasible start points helps us compare the local minima and arrive at global
minimum with a high probability. In order to do this efficiently and arrive at global
minima with a high probability global search procedures are used in matlab with
interior point method as the local solver. For the case of 8 points optimization
is done at different SNR values and the SER of the optimal constellation is shown
compared with asymptotically optimal Foschini’s constellation. Shape of the optimal
constellation in terms of SER changes, it is of type-1 as shown in figure 5.2 before
9db and it changes to 1-7 uniform constellation from 9-12 db. The improvement
obtained in comparison to Foschini’s constellation is plotted in figure 5.3.

Same global optimization from multi start points is performed for 16 point con-
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Figure 5.5: 1-6-9 uniform constellation optimal between 5-11 dB
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Foschini optim asympt
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Figure 5.6: log(SER) vs SNR of optimal 16 point vs other constellations
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Figure 5.7: log(SER) vs SNR of optimal 16 point vs other constellations
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BER of 8 point optimal vs Foschini constellation

T
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Figure 5.8: log(BER) vs SNR of optimal 8 point vs Foschini’s constellation

stellation as well for different SNRs and the results are given below. 1-6-9 Constel-
lation shown in figure 5.5 is optimal at lower SNRs (5-11 dB). But it is important
to note that the ring ratio of optimal 1-6-9 constellation depends on the SNR value.
The optimal ring ratio decreases from 2.85 at 5 dB to 2.09 at 10dB. A new type of
constellation, pentagonal, figure 5.4, is optimal constellation from SNR range 11-17
dB. Here also ring ratio of the optimal constellation changes with SNR from 2.40
at 11 dB to 2.1 at 15 dB. Performance of the optimal constellation and the other
constellations in terms of SER is shown in figure 5.6 and 5.7.

Now we see the BER optimization of 8 point constellation. Before we do this we
should keep one thing in mind optimal constellation in terms of BER would depend
on the coding scheme being used. In general gray coding is the best possible scheme
but most of the times gray coding is not possible. As we see that in the case of 8
PSK gray coding is possible but PSK is not an optimal arrangement because of of
the less nearest neighbor distance. Different labeling schemes were used and optimal
solution was obtained and it was found that minimum bit error rate is achieved for
the irregular constellation shown in 5.9 with labeling scheme same as 1-7 regular

constellation. The improvement from foschini’s constellation is shown in figure 5.8.
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Figure 5.9: 8 point optimal irregular constellation

Interestingly the optimal constellation obtained is not regular, the distance be-
tween the symbol at the center and other symbols is not the same, reason being that
it is not at the same hamming distance from all the points.

For the case of 16 point constellations in terms of bit error rate different labeling
schemes were used to obtain optimal solutions. Gray coded uniform square QAM
5.11 where d; = dj is the best known constellation in low SNR range. Using opti-
mization procedures, we were able to obtain gray coded non uniform QAM dy > d;

as the optimal constellation, improvements are shown in figure 5.10

5.3 Conclusion

In this chapter we saw numerical formulation of the 2-D constellation optimization
in terms of both SER and BER in AWGN and fading channel. We came up with
optimal solutions in terms of both SER and BER in AWGN channel for 8 and 16

point case. Up till now we have been able to arrive at the optimal constellations for
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10g10(BER) of 16—QAM vs Optimal 16 point constellation
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Figure 5.10: 16 point optimal non uniform QAM vs uniform QAM constellation
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Figure 5.11: 16 point optimal non uniform QAM constellation

both 1-D and 2-D constellations for a given power constraint, in the next chapter

we analyze an interesting application of the solutions obtained till now.



Chapter 6

Adaptive Transmit Power and

Constellation Allocation in Fading

Channel

In this chapter we show that if the constellation and the transmit power are assigned
based on channel gain keeping the average power constraint satisfied improvement
in error rate is possible. We formulate the same as an optimization problem and
show the semi analytic solution for optimal power allocation in terms of optimal
error rate as a function of power.

In the first section we formulate the case when the transmitter is allowed to vary
the transmit power and the constellation based on fading gain as an optimization
problem in terms of SER/BER. In the next section we show that for minimizing SER
of 1-D constellation the problem is convex followed by the section on optimization

results where we illustrate the improvement possible with the help of an example.

o4
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6.1 Adaptation of Transmit Power with Channel
Gain

Up till now what we have done is given a fixed transmit power we find a 1-D/2-D
constellation which gives the minimum SER/BER for the given nature of channel.
Constellation obtained depends on the power, P, (si(P),s3(P),..sN(P)) and the
minimum SER is given as Pf(P) = P.(sj(P),..sy(P)). Here in this chapter we
illustrate our idea only on optimization in terms of symbol error rate.

In a fading channel when the transmitter knows the gain G = g, whose pdf is
given as fg(g) and based on this the transmitter should decide what constellation to

use for transmission so that the average SER is minimized. This can be formulated

as the following optimization problem

min / " Pus1(Pg), sn (Pi(9))) filg)dg

subject to [ Pi(g) fola)dg = Pr
0

N

> Isi(Pg)) = Pulg)

i=1

We can simplify the above by breaking the problem into two parts, for a par-
ticular value of gain g, P;(g) is the transmit power and for this particular transmit
power level we know the optimal constellation and P*(P;(g)). Here we would like
to comment that this optimal closed form expression is gettable for 1-D case but
for 2-D case the expression is complicated as it would depend on which shape of
constellation is being used in that particular SNR range. Now the optimization

problem can be restated as

min /000 PI(Pi(g))fc(g)dg

subject to/ Pi(9)fa(g)dg = Pr
0
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The lagrangian for the above optimization problem is defined below,

L(Pig). ) = / " P (Pig)g) felg)dg + A / " Pig)folg)dg - Pr)

The optimal power allocation scheme has to satisfy

IL(P(g),\)

aPt(g) =0
9P (Pi(9)9) falg) + Malg) =0
Lo RTE)
t(g) = T
x Pr1(2) ]
| sty =

. . . /I . . . . .
Here P is the derivative of P* | PX ! is the inverse of the derivative assuming

1t exists.

6.2 Convex Formulation for Symbol Error Rate
of 1-D constellation

The above minimization problem can be shown to be convex for the case of sym-
bol error rate minimization of 1-D constellation. {s1(g),..sy(g)} denote the set of
constellations which depend on the channel gain and they can also be denoted by
{s1(9),d1(g),.dn_1(g)} where d; is the inter symbol distance. Here the idea used is

similar to 4.3 and is given as follows,

min / h % > Qadi(9) fel9)dg

N
subject to > _[s1(g) + Y _ di(9)]* fa(g)dg < Pr
k=1

= =1

di(g) > 0Vi, g >0
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By discretizing the channel gain one can gain insight into the fact that the above
problem is convex. Once we discretize, the integral in objective and constraint in

the above formulation is replaced by summation of convex functions.

6.3 Optimization Results

In the figure 6.1 we show the solution for optimal power allocation of 8 point 1-D
constellation vs channel gain. In this case we have the average transmit SNR , 11
dB and the optimal power and constellation are used depending upon the channel
gain. If we do not adapt the transmit power and use uniform PAM SER is 0.340
and if we do not adapt and use non uniform optimal PAM then SER is 0.330 and
by adapting it reduces to 0.316, the gains become larger as number of points in the

constellation become large (here only 8).

6.4 Conclusion

In this chapter we came up with solution to the optimization problem where the
transmitter is allowed to adapt the optimal constellation based on channel gain
keeping the size and dimensionality of constellation fixed. Convex formulation for
the case of SER minimization in 1-D showed global minimum can be achieved. Next
we go on to the chapter where we conclude our work and throw some light on future

work that is possible.
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Figure 6.1: Adaptive Power Waterfilling for 8 point 1-D case
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this work we have been able to close some open ends in the understanding of best
signal geometries. First of all for the case of 1-D constellations we have been able
to show the best signal constellations which achieve global minimum with respect
to symbol error rate in any given fading channel. Next obvious problem which is
optimization of bit error rate of 1-D constellations in both AWGN and fading channel
is analyzed and close to globally optimum solutions are arrived at. For the case of 2-
D constellations we establish that at asymptotes optimizing symbol and bit error rate
is equivalent in both AWGN and fading channels and the optimal constellations in
both these cases form a lattice of equilateral triangles. Also the necessary conditions
given by Fochini et.al for asymptotic optimality in AWGN channel are shown to be
inaccurate and we propose alternate necessary conditions. For the case of finite SNR
in AWGN channel, we come up with optimal 8 and 16 point constellations in terms of
both SER and BER. At the end we show further improvements in the case of fading
channel are possible for both 1-D and 2-D constellations if the transmitter optimally

adapts to the channel gain and allocates the transmit power and constellation.

29
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7.2 Future Work

Some interesting directions for future work are

e To obtain optimal 2-D constellations of large size at any fixed SNR, numerical
evaluation of symbol/bit error rate needs to be efficient to obtain close to
optimal solutions. Efficient ways to compute the symbol and bit error rate of
any constellation are there in literature which can be used to get close to best

solutions efficiently.

e The above work can be extended to multi dimensional constellations for both
symbol and bit error rate. Also the necessary conditions arrived at for asymp-

totic optimality can be extended to the case of multi dimensional constellations

e In our work we have assumed the data rate to be constant which can be relaxed
to obtain adaptive schemes. If the transmitter’s objective is to minimize the
error rate keeping the average power constraint satisfied and also keeping the
data rate above a threshold, optimal adaptive schemes based on our work
can be developed. Although adaptive schemes exist in literature but they are

suboptimal since they allow one to choose constellations only from fixed family

like QAM or PSK.
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